The symmetry properties of the family of δ ′ -interactions with a resonant non-zero transparency resulting in non-separated states are discussed. It is shown that the connection matrix for these physically motivated interactions and the corresponding family of self-adjoint extensions can be constructed in a self-consistent way if the product δ ′ (x)ψ(x), where ψ(x) is a discontinuous wavefunction at the origin, is interpreted in a more general manner.
Pacs: 03.65.-w One-dimensional Schrödinger operators with singular zero-range potentials called also exact models of quantum mechanics (for details and references see book [1] ) attract a considerable interest beginning from a pioneering work of Berezin and Faddeev [2] . The first studies of Hamiltonians with the derivative of Dirac's delta function have been accomplished in papers [3, 4] . Recently [5, 6, 7, 8] , for point interactions of this type the existence of resonance sets has been established, using an approach of regularizing singular potentials. Utilizing the theory of Krein spaces, Golovaty and Man'ko [9] have proved the existence of resonance sets in a rigorous way.
The Schrödinger equation with a point potential V (x) reads
where the prime stands for the differentiation with respect to the spatial coordinate x, ψ(x) is the wavefunction for a particle of mass m (we use units in which 2 /2m = 1) and E (positive, zero or negative) energy. In particular, a resonance set has been shown to exist for a potential of the form of the derivative of Dirac's function δ(x):
with λ being a coupling constant. In other words, if the δ ′ -potential is appropriately regularized by a finite-range function ∆ ′ ε (x) with a squeezing parameter ε through the limit ∆ ′ ε (x) → δ ′ (x) in the sense of distributions, then in the zero-range limit equation (1) admits a countable set of resonances in the λ-space at which the transmission across the barrier V (x) becomes non-zero. A similar resonant behaviour occurs for other δ ′ -like point potentials V (x) defined in papers [6, 8] .
It is important to emphasize that (i) the existence or non-existence of a resonance set and (ii) the structure of this set if it exists depends on the profile of the regularizing function ∆ ′ ε (x). This profile can be described through one or more parameters, being not involved in the limiting distributional potential V (x). In other words, depending on this regularizing profile, the particle states on the left (R − ) and the right (R + ) half-lines can be either separated (no resonances and the potential V (x) acts as a perfect wall at x = 0) or non-separated (when a non-zero resonant transparency across the potential V (x) occurs).
Obviously, the regularizing function ∆ ′ ε (x) for a point dipole has to contain both a barrier and a well. Thus, in the simplest case of rectangles, when ∆ ′ ε (x) = ε −2 W (x/ε) with W (x) = 1 for x ∈ (−1, 0) and W (x) = −1 for x ∈ (0, 1), the resonance set in the λ-space calculated explicitly in [5] has been shown to be without any parameter. The extension to involve a parameter in the resonance set has been suggested in [6] , choosing an asymmetric version of ∆ ′ ε (x) through W (x) = a for x ∈ (−1, 0) and W (x) = −b for x ∈ (0, a/b) with any positive numbers a and b. In this case, the sequence of resonances on the λ-half-line depends on these parameters.
In both these cases of the function W (x), the barrier and the well are adjacent. A more general situation in the regularization procedure appears if the barrier and the well are separated by some distance z which also tends to zero under squeezing the barrier and the well [8] . This distance can serve as an additional parameter depending on which a perfect reflection (separated states) or a resonant transparency (non-separated states) does exist. If the distance tends to zero sufficiently fast compared with squeezing both the barrier and the well, the resonant transmission takes place. Otherwise, the point potential V (x) is fully non-transparent for all λ (no resonances exist). To illustrate this situation with calculations, one can choose the profile W (x) consisting of rectangles as follows
with η . = a/b and ζ = z/ε. Next, one can impose the power dependence:
with c being a positive constant. The straightforward calculation and an analysis in the ε → 0 limit proves the existence of resonance sets for τ = 0 (when the distance z tends to zero as rapidly as the barrier-well squeezing) and for all τ ≥ 1. In particular, the resonance sets have been calculated explicitly in [8] for τ = 0 through different distributional ε → 0 limits of the ∆ ′ (x) function. Depending on the way of squeezing of the function ∆ ′ (x), certain singularities in the potential term of equation (1), i.e., in the product δ ′ (x)ψ(x) where the wavefunction must be discontinuous at the origin, appear which can be cancelled by similar terms emerging from the kinetic energy term (the second derivative of the wavefunction) at some (resonant) values of the coupling constant λ. Thus, for the distributional limit
under the constraint
the equation for resonances reads
This equation admits a countably infinite set of non-trivial roots {σ n } ∞ n=1 or {λ n } ∞ n=1 . At each root σ n = √ aλ n ∈ (nπ, (n + 1/2)π), singularities contained in the potential term δ ′ (x)ψ(x) are cancelled in the ε → 0 limit by similar terms emerging from the kinetic energy operator (the second derivative of the wave function) resulting in non-separated states. Similarly, resonance sets exist for τ ≥ 1 and the equation for resonances (7) is modified by putting there c = 0.
In general, for the point dipole-like interactions that admit a resonant transmission, the transfer matrix Λ = Λ(λ) that connects the boundary conditions at x = −0 and x = +0 takes the following form:
where A = A(λ) ∈ R \ {1} and B = B(λ) ∈ R. Note that in general B = 0 and in this case the point dipole interaction is accompanied by an effective δ-potential. The reflection (R) and transmission (T ) coefficients can be written in terms of A and B:
Particularly, in the limiting case B → ∞, we have R → −1 and T → 0. The case A = 1 corresponds to the δ-interaction, while the case A = 1 to the δ ′ -potential. When the resonance sets are discrete and countable, one can adopt the notations:
Using the solutions of equation (7), one can calculate for the case with τ = 0 the following values:
Similarly, for the other case with τ ≥ 1 in equation (4), the resonance set is given by the same equation (7) where it is necessary to put c = 0. Then, the values for A n and B n are the same as in equations (10), but with c = 0 there. In the particular case τ = 1, B n = 0, here we have
Using instead of equation (6) other constraints while constructing distributional limits (5), one can obtain the same type of matrices (8) with other values of A n and B n .
Thus, the matrices Λ of type (8) , which connect the boundary conditions at x = −0 and x = +0 (for non-separated states), describe a family of point dipole-like interactions with resonance sets. As proved by Albeverio et al [13] , for non-separated states there exists a one-to-one correspondence between the set of self-adjoint extensions of the kinetic energy operator −d 2 /dx 2 and the general family of matrices Λ connecting the boundary conditions for the wavefunction ψ(x) and its derivative ψ ′ (x) through the matrix equation
with real parameters χ ∈ [0, π), λ ij ∈ R, fulfilling the condition λ 11 λ 22 − λ 12 λ 21 = 1. Therefore the set of matrices (8) form a subfamily of matrices (12) , which are invariant under the transformation
if and only if χ = 0 and λ 11 = λ 22 [10] . Particularly, for the δ-interaction with a coupling constant g, we have χ = 0, λ 11 = λ 22 = 1, λ 12 = 0 and λ 21 = g. Consider now instead of relation (13) the transformation
with any real constant A = 1. It follows from equation (12) It is of interest to find a counterpart of matrix (8) in the description of point interactions suggested by Tsutsui, Fülöp and Cheon [14, 15] , which is available for both non-separated and separated states. According to their approach, the boundary condition is given in terms of the two-component boundary vectors
This connection condition reads
where U ∈ U(2) is a two-by-two unitary matrix, I the unit matrix, and L 0 an arbitrary non-zero constant of length dimension. The matrix U can be parametrized as
where ξ ∈ [0, π) and α, β are complex parameters satisfying the equation
Note that the description (16) with (17) can be put into the connection form (12) only if β = 0 and in this case [14, 15] 
In order to find the subfamily of matrices (17) which are invariant under transformation (14), we rewrite matrix equation (16) and its transformed form as eight equations where the coefficients in front of ψ(±0) and ψ ′ (±0) are separated into real and imaginary parts. As a result, from a comparison of these equations we find the two constraints
under which equation (16) and its transformed form coincide. Thus, for the point interactions which are invariant under transformation (14) , the unitary matrix U has arbitrary parameters α R , β I and ξ ∈ [0, π), with α I and β R given by equations (20). If furthermore we put λ 12 = 0, i.e. [see equation (17) ],
then from equation (18) we obtain
where we have chosen one (+) sign. Inserting equations (20)- (22) into matrix (17), we find its final form
which is invariant under transformation (14) .
The resonance values A n and B n , n ∈ N, given, i.e., by equations (10) and (11), essentially differ from the continuous functions A(λ) and B(λ) obtained by Kurasov [16] , particularly for the interaction V (x) = gδ(x) + λδ ′ (x) resulting in the connection matrix
Therefore our results seem to be in controversy with equation (24) as well as with the recent results of Gadella et al [17] . However, note that Kurasov's theory for test functions having a discontinuity at the origin has been developed under the suggestion that the well-defined distribution
for any continuous function ψ(x) with its continuous derivative at x = 0 is generalized to the space of discontinuous (at x = 0) functions ψ(x) as follows
In other words, it is supposed that the boundary values ψ(0) and ψ ′ (0) in equation (25) for a discontinuous wavefunction ψ(x) are replaced by their averaged values at x = −0 and x = +0 [11, 12] . Using the approach of regularization of the δ ′ -distribution, in the zero-range limit the cancellation of singularities in equation (1) occurs in general at other partitions of ψ(x) and ψ ′ (x) at x = ±0, depending on the profile of the regularizing function ∆ ′ (x). Therefore for any discontinuous function ψ(x) we generalize equation (26) as follows
with arbitrary coefficients α, β and ϑ. For functions ψ(x) from C ∞ 0 (R) equation (27) reduces to standard formula (25). Inserting next the wavefunction
describing the waves propagating to the left and to the right and emitting from the origin, where Θ(x) is the unit step function, and relation (27) into equation (1), after equating the coefficients at δ(x) and δ ′ (x), we find the connection matrix (8) with
Particularly, for α = β = 1/2 and ϑ = 0 (without an effective δ-interaction), these values reduce to the diagonal form (g = 0) of matrix (24). Solving equations (29) with respect to α, β and ϑ, we find the values
as functions of λ n , n ∈ N. Thus, for any pair of A n ∈ R \ {1} and B n ∈ R, exact values of which are calculated in the zero-range limit by using the renormalization procedure, one can find the coefficients α n , β n and ϑ n . Since the product δ ′ (x)ψ(x) in equation (28) is defined as a linear combination of δ(x) and δ ′ (x), the theory of self-adjoint extensions [13, 16] based on equation (27) can be generalized to the case of arbitrary α, β and ϑ in a similar way. Fixing the (resonance) values α = α n , β = β n and ϑ = ϑ n according to equations (30), we deal with a physical model determined by the profile of the regularizing function ∆ ′ (x) or W (x). The cancellation of singularities in the kinetic energy term and the δ ′ -potential happens exactly at these resonance values.
